In this paper, we introduce a new approach for interpreting long-run returns; which we then test on IPOs and SEOs in Denmark. We demonstrate that by decomposing the mean and volatility components of the expected crosssectional buy-and-hold returns, we can improve the interpretation of long-run returns. Using a traditional method, we found that after five years the buyand-hold returns of IPO and SEO stocks underperformed the market by 27.3 percent and 21.4 percent, respectively. By applying the new approach we found that after five years the same stocks underperformed by 43.7 percent and 38.1 percent. Although underperformance has long been documented in the empirical literature, we found that the underperformance is larger than previously documented.
INTRODUCTION
Many studies have documented that the distribution of right-skewed abnormal returns is significantly different from zero (see among others Barber and Lyon (1997) , Cowan and Sergeant (1997) , Mitchell and Stafford (1999) , Lyon, Barber and Tsai (1999) , and Brav (2000) ). However, ways to correctly test abnormal returns with the existence of right skewness have not been well documented. This paper is an extension of these earlier studies; we describe a new test procedure that takes advantage of the skewness properties of the lognormal distribution, and the cross-sectional distribution of long-run returns. We then apply our test procedure on a sample of initial public offerings (IPOs) and seasoned equity offerings (SEOs) from Denmark: all those between 1983 and 1998. We also use this technique to compare the performance of IPO stocks in a hot and a cold issue pe riod.
A key to our technique is the use of wealth relatives (WR) to measure long-run returns as recommended by Ritter (1991) , Loughran and Ritter (1995) , and Spiess and Affleck-Graves (1995) . Ritter described a puzzle to which we respond: why do long-run returns of equity offerings persistently underperform? As key to the puzzle we measure long-run returns using WRs. Decomposing the relatives gives us an answer: we still see underperformance but we can explain it better.
Applying our approach on a sample of Danish IPO and SEO stocks we found the underperformance is larger than previously documented when we consider the upward bias caused by the volatility component in the rightskewed wealth relatives. Using our new approach, we found that IPO and SEO stocks underperform relative to the market by 43.7 percent and 38.1 percent after five years, respectively. We also tested the volatility-adjusted performance on a sample of both hot and cold period equity issues. We found that the under performance after one year is similar for hot and cold issues; after five years hot issues underperform significantly by 50.0 percent and cold issues under perform insignificantly by 22.6 percent. This indicates that it is better in the long run to invest in firms going public in a cold issue period than in a hot issue period.
The remainder of this paper is organized as follows. Section 2 describes how prior studies measure long-run returns. Section 3 presents our methodology. Section 4 introduces the data. The results are discussed in section 5, and section 6 concludes the paper.
MEASURING LONG-RUN RETURNS 2.1. Long-Run Returns of IPO and SEO Stocks
Although Ritter (1991) and Spiess and Affleck-Graves (1995) are puzzled by the persistence of negative long-run returns after equity offerings, we suggest that the volatility is important in explaining the observed persistence of long-run returns. Ritter (1991) examines 1,526 IPO stocks and finds a negative 15.08 percent average cumulative matching firm-adjusted return after 36 months. Comparing returns from firms of similar size and industry, the average IPO stock's cumulative abnormal returns are negative 26 percent. Ritter (1991) argues that the result is consistent with investors being overoptimistic about potential growth firms. Loughran and Ritter (1995) exa mine the five-year long-run return for 4,753 IPO stocks and 3,702 SEO stocks in the United States during . The average long run return of IPO stocks, adjusted for size and industry, under performed by 20 percent after three years; for SEO stocks, long-run returns under performed by 22 percent. Both studies calculated buy-and-hold returns and argued that the results deviate from those predicted by the long-run eff icient market theory. Similarly, Spiess and Affleck-Graves (1995) examined 1,246 seasoned equity offerings during the period 1975-1989 and found a negative abnormal return of 22 percent when compared to matching firms over a five-year post-event period. The results are persistent when adjusting for trading system, offer size, and the issuing firm's age and book-tomarket value. This is not only a US phenomenon. Many studies document underperformance in other countries over various time periods.
1 Despite all these studies, at present, no existing theory can convincingly explain long run under performance in IPOs and SEOs.
The most promising explanation is that investors overreact and are overly optimistic about the information revealed through equity offerings. Spiess and Affleck-Graves (1995) examine the abilities of managers to take advantage and exploit overvaluation. They argue that managers have an opportunity to exploit overvaluations in SEO stocks; they found that managers issue equity when the stock is overvalued because they are able to take advantage of firm-specific information. Comparing the under performance of IPO stocks and SEO stocks supports their findings that managers can 1 Loughran, Ritter, and Rydqvist (1994) compare IPO stocks for 24 countries that de monstrate similar patterns, although some find positive long-run returns (see Loderer and Zimmermann (1988) , B.hren, Eckbo and Michalsen (1997) , Bigelli (1997) , and Dubois and Jeanneret (1998) ). For comprehensive sur veys see Smith (1986) , Eckbo and Masulis (1995) , Ibbotson and Ritter (1995) for IPO stocks, and Eckbo and Masulis (1995) for SEO stocks. Other fin dings from non-US studies showing positive returns are Hietala and L.yttyniemi (1991) for Finland, Dhatt, Kim and Mukherji (1996) for Korea, Tsangarakis (1996) for Greece, and Kang and Stulz (1996) for Japan. Levis (1993) reports a three-year underperformance in IPO stocks from the United Kingdom; such stocks experience an average 30 percent loss of value compared to the market. Lee, Taylor and Walters (1996) also found that the market-adjusted cumulative average returns from Australian IPO stocks under perform over a three-year period. Corresponding results are found in Aggarwal et al. (1993) for Brazil and Chile, Keloharjo (1993) for Finland, Kunz and Aggarwal (1994) for Switzerland, and Page and Reyneke (1997) for South Africa.
also exploit overvaluation opportunities in SEO stocks. That is, it is not only the vast information asymmetry in IPO stocks that allows managers to exploit overvaluation.
2 Empirically, our findings complement these results; however, the task of future research is still to develop a consistent theory.
We partitioned the IPOs and SEOs into a hot (cold) issue period, and investigated the IPO stocks for the hot issue period [1983] [1984] [1985] [1986] . High initial returns and high volumes characterize hot issue periods, i.e. an IPO stock tends to rise above the offering price gaining a higher than average premium in the aftermarket (see Ibbotson and Jaffe (1975) and Loughran, Ritter and Rydqvist (1994) ). Loughran and Ritter (1995) argue that in periods with few IPOs the underperformance is modest, which is confirmed in our cold issue period. Hot issue periods experience a more severe long-run underperformance than cold issue periods. Loughran, et al. also document the tendency toward high initial returns and volumes after a period of high stock market performance.
Testing long-run returns
Previous studies relied on conventional statistics that are not necessarily valid, given the distribution properties of the long-run returns. As Fama (1998) has argued, none of these studies actually tested for whether securities are under performing or over performing on average.
3 Fama argues that the market efficiency hypothesis is still valid because the anomalies disappear with changes in the estimation model of the expected returns. That is, the estimation methodology itself may cause long-run anomalies. Also, inferences about long-run returns are problematic due to unavoidable "bad-model" problems and sample-specific patterns in average returns. Our approach relies on the distribution properties of Ritter's WR.
Previous studies have identified other issues. Conrad and Kaul (1993) showed that a potential bias (upward or dow nward) is induced by cumulative abnormal returns over the long run. Barber and Lyon (1997) and 2 Two alternative and promising explanations are the theory of investor sentiment. Barberis, Shleifer and Vishny (1998) and Daniel, Hirshleifer and Subrahmanyam (1998) explain long-run performance with behavioral model of investor sentiment. The behavior models provide an alternative explanation of investors' behavior but not a better explanation of the long-run anomalies.
3 For studies of under (over) performance, see Agrawal, Jaffe and Mandelker (1992) for mergers and acquisitions, Ikenberry, Lakonishok and Vermaelen (1995) for share repurchases, Michaeley, Thaler and Womach (1995) for dividend initiations and omissions, Speiss and Affleck-Graves (1995) for seasoned equity offerings, Loughran and Vijh (1997) for corporate acquisitions, and Ritter (1991) , Loughran and Ritter (1995 ) for initial public offerings. The results from various kinds of event studies show that over reaction in the marketplace is as common as under reactions; therefore, Fama (1998) argues that the post-event reversals are as frequent as the post-event continuations of pre-event returns. Kothari and Warner (1997) find severe problems related to the fact that abnormal returns are non-normally distributed as they become right skewed after certain periods of time. Symmetric and independently distributed periodic returns induce right skewness and autocorrelation in accumulated returns. This right skewness is caused by the accumulation method used to test buy-and-hold returns. Barber and Lyon (1997) address problems concerning mis-specifications that arise from re-balancing, new listing, and right skewness biases. These problems affect the conventional test methods: many empirical results make inferences based on incorrect test statistics.
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Despite all these studies no one has addressed test statistics, an issue we now address. Barber and Lyon (1997) argue that the mis-specification causes the inference based on long-run returns to be incorrect. They argue that it is possible to achieve well-specified test statistics when the usual BHAR is corrected by matc hing sample firms with control firms of similar size and book-to-market ratios.
5 Kothari and Warner (1997) suggest that a parametric shift in the event window influences the tests of accumulated returns, e.g. the interference must include the possible increase in variability of abnormal returns. Lyon, Barber and Tsai (1999) suggest that correcting the usual t-test statistic can capture the skewness of the distribution of the buy-and-hold abnormal returns.
METHODOLOGY
In this paper, we apply an extension of Ritter's WR. We calculated the cross-sectional averages of the buy-and-hold returns using three different methods: two traditional methods and our new method. Method one, the most commonly used, is a simple cross-sectional arithmetic average calculation that does not adjust for right-skewed long-run returns. Method two is a calculation of the average cross-sectional return as the expected value of log-normally distributed buy-and-hold returns. A problem with the first and second methods is that the expected value of such returns cannot be tested directly because the volatility causes an upward bias. Method three responds to this problem by decomposing the expected cross-4 See Conral and Kaul (1993), Barber and Lyon (1997), Canina, Michaely, Thaler, and Womack (1997) , Kothari and Warner (1997) , Cowan and Sergeant (1997) , Lyon, Barber and Tsai (1999) for warnings about the buy-and-hold return methodology used to estimate abnormal returns.
5 Fama (1998) argues that corrections of expected returns using a matching approach based on size and BE/ME does not limit bad-model problems. Abnormal returns vary whether matching is based on size or size and BE/ME. Fama (1998) argues that this matching approach does not cap ture the cross sectional variation in expected returns. Therefore, a matching approach for expected returns is not a panacea for bad-model problems. In particular in long-run event studies because the standard error in abnormal return increases with the number of months.
sectional mean buy-and-hold returns into transformed mean components and volatility components. By decomposing the average cross-sectional mean buy-and-hold return into levels, we can more accurately interpret the under performance or over performance. In this section, we describe the WR, decomposition, and testing.
Wealth Relatives
The buy-and-hold return is calculated for each security, i, from the announcement day to some future date T . An initial amount W i,0 is invested in each security, i, with a stochastic periodic (monthly) return, r i,t , that is realized at the end of period t. The invested amount accumulates after T periods to W i,T :
Without loss of generality, the initial amount W i,0 can be set equal to one and the buy-and-hold return is equal to
(1 + r i,t ) − 1. Typically, the distribution of buy-and-hold returns is right-skewed, even if the distribution of periodic returns is symmetrical. We use buy-and-hold returns beca use they capture the compounding effect of monthly returns. Also, we calculate the ratio between two portfolios instead of calculating the difference between the buy-and-hold returns of two portfolios.
6 The wealth relative between two accumulated values is the ratio between the wealth W i,T that results from investing in a security and the wealth W m,T from investing in the market index after T periods. This accumulated wealth relative follows the spirit of Ritter (1991) and Loughran and Ritter (1995) .
7 The wealth relative can be measured as either the market-to-security (WRMS) ratio, W m−i,T = (W m,T /W i,T ), or the security-to-market (WRSM) ratio, 6 Barber and Lyon (1997) and Kothari and Warner (1997) investigate the difference between the buy-and-hold returns of two portfolios.
7 Ritter (1991) and Loughran and Ritter (1995) use the wealth relatives differently by taking the average in the numerator and the denominator. Our approach is more applicable because the wealth rel ative is lognormal distributed. An alternative to the wealth relative is the transformed buy -and-hold abnormal return (T-BHAR) where we compounded abnormal returns over time, which can also be accepted lognormal distributed (see appendix A). The T-BHAR states that an investor holds a long position in the market index and a short position in the equity offering in which the proceed are realized monthly and reinvested assuming no transaction costs.
8 The accumulated W R SM after T months is:
where i = {1, . . . , N } and T = {1, . . . , 60}. Taking the logarithm of the wealth relative and assuming that (W i,0 /W m,0 ) = 1 the expression becomes:
If the logarithms of the periodic (monthly) returns are normally distributed the buy-and-hold returns of the securities, the benchmarks, and the wealth relatives will be log-normally distributed. Even if the periodic returns of the securities or the benchmark are not normally distributed it may still be the case that when we subtra ct the periodic (monthly) returns of the security, the benchmark turns out to be normally distributed. In other words, in (3) the left-hand side may be normally distributed even if the individual terms on the right-hand side are not normally distributed. The transformation of wealth relatives from logarithmic values to level values using exact expressions in discrete time is:
If the wealth relative is log-normally distributed, an inherent relationship exists between the geometric Brownian motion and the development in the wealth relatives. The geometric Brownian motion provides an explicit structure for the wealth relative that describes the development of the buyand-hold returns over time. The common interpretation of the geometric Brownian motion calls for a constant drift and volatility parameter over time. Using these parameters, the cross-sectional buy-and-hold returns of the W R SM can be expressed with the geometric Brownian motion as:
where
T . The parameters α T , µ T , and σ T are constants and {Z t } t≥0 is a Wiener process with dZ t ∼ N (0, dt). Expression (5) allows the constants α T and σ T to vary depending on the time horizon T . This flexibility is based on the assumption that the cross-sectional means at any given time horizon T can be treated as independent observations.
Decomposing the Wealth Relative
Given that the W R SM follows a lognormal distribution, its logarithm is normally distributed using transformed mean α T ·T and standard deviation σ T √ T . The expected buy-and-hold return of the wealth relative in levels is:
From expression (6) and for any given time period T , the expected value of the wealth relative depends on the mean and the volatility component. If there is no noise, meaning that the volatility component is zero, the wealth relative is purely derived from the drift and the time horizon in expression (6). The volatility effect is always positive and identical irrespective of which measure is used: W R M S or W R SM . Although this may appear inconsistent, there is nothing peculiar about the result because the volatility component captures the variation between the buy-and-hold returns of the security and those of the market that together compose the wealth relative ratio. There fore, we do not draw inferences on each of the buy-and-hold returns; we only make inferences about the wealth relative using the decomposition in expression (6). We decompose the cross-sectional mean, e µ T ·T , into its transformed mean component, e α T ·T , and its volatility component, e 1 2 σ 2 T ·T to better understand the impact of volatility. Not only does the geometric Brownian motion representation explicitly depict the transformed mean component and the volatility component, it also captures the feature that the periodic (monthly) returns may be symmetric and independently distributed while the buy-and-hold returns of the wealth relatives exhibit right skewness.
Tests of the Transformed Mean and Volatility Components
The wealth relative that is described in expression (5) is log-normally distributed. Thus, when the logarithm is taken it becomes normally distributed:
Given that the logarithm of the wealth relative is normally distributed, we can estimate the parameters for the transformed mean and variance:
The parameter estimates (α T andσ 2 T ) are marginal parameter estimates at any point in time. They are based only on the expected cross-sectional wealth relative at time T . If we accept the logarithms of the cross-sectional wealth relative as being normally distributed, the estimated mean component isα T · T and the estimated standard deviation of log(
T can be tested against alternatives using the cross-sectional wealth relatives at time T . For example, two independent hypotheses could be the following:
where λ can be any positive value. The marginal confidence interval of the marginal estimate α T · T is t-distributed at time T and the marginal confidence interval of the marginal estimateσ T · √ T is χ 2 -distributed at time T , both with N − 1 degrees of freedom. The marginal estimates can be transformed back to levels through the exponential function and the resulting expected buy-and-hold returns can be compared to the wealth relative. This ensures that the transformed mean components eα T ·T and the volatility components e 1 2σ 2 T ·T can be compared to the expected buyand-hold returns, e µ T ·T . To summarize, the method we apply in this paper investigates the crosssectional buy-and-hold returns of wealth relatives. It identifies log-normally distributed long-run returns and decomposes the expected cross-sectional buy-and-hold returns into transformed mean components and volatility components. Adjusting for the volatility component, the transformed mean component provides a testable and correct estimate of long-run returns. 
DATA
We constructed a sample by gathering information on IPOs and SEOs during the period 1983-1998. We used datasets from Account Data that contain information on equity offerings by firms that are listed on the Copenhagen Stock Exchange; this data identifies the type of equity offering and its characteristics.
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For the equity offering to be included in the sample it had to meet three criteria: 1) the issue had to be a primary offering, i.e. we excluded offerings that included preferred and secondary shares; 2) joint offerings were excluded; and 3) the offering firm had to be listed on Account Data's secu-rity price information at the time of the issue. In addition, we evaluated the pricing information to identify and exclude any equity offerings in which observations were missing during the six months following the equity issue. Further, if the offering firm was de -listed less than five years after the equity offering, we truncated the buy-and-hold returns of the firm and the matching index at the same time. Applying these criteria we developed a sample of 142 IPO stocks and 413 SEO stocks. Table 1 shows the distribution of the total sample of IPO stocks and the partition of SEO stocks by years. Table 1 shows an aggregate issue amount for IPO stocks of 6,604 million DKK and 17,908 million DKK for SEO stocks that yields proceeds of 23,849 million DKK and 46,717 million DKK, respectively.
11 We found a large number of equity offerings in 1984, 1985, and 1986. 12 the other 224 firms in the sample did not. Loughran and Ritter (1995) argue that the under performance in periods with few IPOs is modest; therefore, we partitioned the sample into sub periods which we call hot-issue and cold-issue periods to determine whether or not this is evident in our sample.
To measure the long-run return of an equity issue, we calculated the buyand-hold return from the first day of trading over a period of 60 months. We considered two benchmark returns of the post-offering period: marketadjusted returns and market-model returns. To estimate the market-model returns, we used the post-offering period as the estimation window.
13 Our reasoning is that before an SEO the stock price typically increases, but then remains stable post-issue (Lee et al., 1996) . Table 2 shows the average buy-and-hold returns of IPO stocks (panel A) and SEO stocks (panel B) using cross -sectional averages, wealth relatives, 
RESULTS

Long-Run Security Performance
Distribution of Equity Offerings on the Copenhagen Stock Exchange
We construct our sample by gathering information of IPOs and SEOs during the period [1983] [1984] [1985] [1986] [1987] [1988] [1989] [1990] [1991] [1992] [1993] [1994] [1995] [1996] [1997] [1998] . The data source is Account Data for identifying security offerings and offerings characteristics. The total sample consists of all equity offerings on the Copenhagen Stock Exchange. For an equity offering to be included in the sample it must meet the following three criteria: 1) the issue must be a primary offering, i.e. offerings that include secondary shares are excluded; 2) joint offerings are excluded; and 3) the offering firm must be listed on the Account Data's database of security price information at the time of the issue. In addition, we evaluate the pricing information to identify and exclude any equity offerings in which missing observations exist during the six months following the offering. Offering is the nominal equity issue and proceed is the market capitalization of the issue. and transformed buy-and-hold returns. 14 The average cross-sectional buyand-hold returns show that the IPOs and SEOs constantly under perform the market when the benchmark is the market-adjusted return. Spiess and Affleck-Graves (1995) documented similar results using average cumulative returns that are adjusted for size, industry and size, and book-to-market and size.
The results in Table 2 need to be interpreted with caution because the distribution properties of the buy-and-hold returns are unknown. The cross-sectional standard deviations are not sufficient statistics if the buyand-hold returns are not symmetrically distributed around the averages. Panel A shows that the average cross-sectional buy-and-hold return after 60-month is 2.5 percent for IPO stocks and 15.8 percent for the market index. After the first 12 months the IPO stocks outperform the market by 7.75 percent ( This under performance is of the same magnitude as the findings in Spiess and Affleck-Graves (1995) and Loughran and Ritter (1995) using data from the United States. The 60month buy-and-hold return from wealth relatives defined as the IPO stocks relative to the market index (S/M) is negative 27.3 percent. However, for the wealth relative of the market against the IPO stocks (M/S), the average buy-and-hold return is 152.6 percent. Panel B shows that the average buy-and-hold return after 60 months is 6.1 percent for SEO stocks and 40.4 percent for the market index. The SEO stocks constantly under perform the market, e.g. by 5.4 percent after the first 12 months and by 22.3 percent after 60-month. The 60-month buyand-hold return from the wealth relative defined as the SEO stocks against the market (S/M) return is negative 21.4 percent. However, for the wealth relative of the market against the SEO stocks (M/S) the average buy-andhold return is 128.4 percent. The results in Table 2 show that the expected buy-and-hold return depends on the method used to calculate the long-run returns. Overall, the results show that the buy-and-hold returns of the IPO and SEO stocks vary more than those of the market.
Results with Lognormal Transformation
The differences in the average buy-and-hold return for the market-tosecurity wealth relative and the security-to-market wealth relative are due to the volatility component. conflict with the problem concerning calendar time intervals, i.e. it is not possible to create a feasible investment strategy. 
Long-Run Returns for IPOs and SEOs
The time horizon is shown in the first column. The buy-and-hold returns are calculated assuming that an investor invests in an equally weighted portfolio of firms at the day of the equity offering. The Twealth relatives are used to calculate buy-and-hold returns, Wi,t = W0,t · Q T t=1 (1 + ri,t). Applied wealth relatives are market-to-equity offering (Wm,T /Wi,T ) and equity offering-to-market (Wi,T /Wm,T ), respectively. Two versions of the market model are applied, the standard method where the abnormal return (1) is M ARit = ritC(α + β · rmt), but also by subtracting the firm-specific return from the market return (2) M ARit = (α + β · rmt)Crit. The M ARit is used to calculate the transformed buy-and-hold abnormal return (T-BHAR). Standard deviations are shown in parentheses.
Panel A: IPO s Months N IPO's Market Wealth Relatives T-BHAR The development in expected mean and volatility are shown for the average buyand-hold return. The development in average buy-and-hold returns is shown in Panel A and C for wealth relative market-to-equity offering (Wm,T /Wi,T ) and equity offering-to-market (Wi,T /Wm,T ), respectively. In panels B and D, the cross-sectional average buy-and-hold return are decomposed in a transformed mean component, e α T ·T − 1, and in a volatility component, e and equity offering-to-marke respectively. In panels B and D, the cross-sectional average buy-and-hold return are decomposed in a transformed mean compo and in a volatility component, 
Panel C Expected BHR of Wealth Relative
Market versus IPO Figure 1A .
The Expected Mean and Volatility in IPOs
The development in expected mean and volatility are shown for the average buy-and-hold return. The development in average returns is shown in Panel A and C for wealth relative market-to-equity offering ( )
and equity offering-to-market respectively. In panels B and D, the cross-sectional average buy-and-hold return are decomposed in a transformed mean compon and in a volatility component, A total of 10 percent of the IPO stocks' cross-sectional buy-and-hold returns are rejected as being log-normally distributed at a five percent level of significance, while 19 percent of the SEO stocks' cross-sectional buy-and-hold returns are rejected as being log-normally distributed at a five percent level of significance.
15
Figure 1 A provides the expected cross-sectional buy-and-hold returns and the decomposition of the wealth relatives related to the IPO stocks. Panel A and panel B in Figure IA show the results of the IPO-to-market wealth relative. Panel A shows that the IPO stocks under perform relative to the market by 22.9 percent after five years. Using the volatility-adjusted performance measure (panel B), the IPO stocks under pe rform relative to the market by 43.7 percent after five years. Using the market-to-IPO wealth relative (panel C), the market out performs the IPO stocks by 142.9 percent. The difference between the results in Table 2 and Figure I arises from the transformation of the buy-and-hold returns into log-normality. The volatility-adjusted performance of the market-to-IPO wealth relative shows that the market out performs the IPO stocks by 77.5 percent after five years (Panel D). Comparing pa nel B and panel D confirms an identical volatility component for the IPO-to-market wealth relative and the marketto-IPO wealth relative.
Figure IB provides the expected cross-sectional buy-and-hold returns and the decomposition of the wealth relatives related to the SEO stocks. Panel A and panel B in Figure IB show the results of the SEO-to-market wealth relative. Panel A in Figure IB shows that the SEO stocks under perform relative to the market by 17.8 percent after five years. Panel B shows volatility-adjusted performance measure: the SEO stocks under perform by 38.1 percent after five years. Panel C in Figure IB shows the market-to-SEO wealth relative: the market index out performs SEO stocks by 114.4 percent after five years. Applying the volatility-adjusted performance measure, the market out performs the SEO stocks by 61.5 percent after five years.
A correct inference of the average buy-and-hold returns is to adjust for the volatility component in the reported returns. Doing so, we found that the average buy-and-hold returns tend to under-estimate the under performance of equity offerings. For example, for IPO stocks the volatilityadjusted under performance is 43.7 percent compared to the average under The development in expected mean and volatility are shown for the average buyand-hold return. The development in average buy-and-hold returns is shown in Panel A and C for wealth relative market-to-equity offering (Wm,T /Wi,T ) and equity offering-to-market (Wi,T /Wm,T ), respectively. In panels B and D, the cross-sectioal average buy-and-hold return are decomposed in a transformed mean component, e α T ·T − 1 , and in a volatility component, e The development in expected mean and volatility are shown for the average buy-and-hold return. The development in average buy-and shown in Panel A and C for wealth relative market-to-equity offering ( )
and equity offering-to-market ( )
, respectively. D, the cross-sectioal average buy-and-hold return are decomposed in a transformed mean component, pment in expected mean and volatility are shown for the average buy-and-hold return. The development in average buy-and-hold returns is anel A and C for wealth relative market-to-equity offering ( )
, respectively. In panels B and s-sectioal average buy-and-hold return are decomposed in a transformed mean component, performance, as reported in Table 2 , of 27.3 percent. Similarly, for SEO stocks the volatility-adjusted under performance is 38.1 percent compared to an average under performance of 21.4 percent. Overall, Figure I shows that the transformed mean component and the volatility component either amplify or weaken one another. Therefore, the volatility-adjusted performance depends on whether the transformed mean component is positive or negative.
Test of the Mean and Volatility Component
Figure II displays the test statistics graphically rather than nume rically. Panels A and C show the transformed mean components, and panels B and D show the volatility components. Tests of the market relative to IPO stocks and SEO stocks show that the transformed mean component of the expected cross-sectional buy-and -hold returns is significantly different from zero at a five percent level of significance after 15 months and after five months, respectively. Figure II also shows the marginal estimates for transformed mean components and volatility components and their respective 95percent marginal confidence intervals. Any number outside the confidence intervals is significant against the marginal estimates.
The volatility component always contributes positively to the expected cross-sectional buy-and-hold returns. If the transformed mean component is zero and the volatility is positive, and constant, then the average will increase with the time horizon. The reason is that the positive gains accumulate more than the losses, even if the transformed mean component is zero. This accounts for the observed right skewness in the development of the cross-sectional buy-and-hold returns. To illustrate the inference of long-run performance in figures I and II, consider the performance of the IPO stocks after 18 months. Figure IA illustrates that the expected crosssection buy-and-hold return of the wealth relative of IPO stocks relative to the market is zero. However, Figure IIA shows that the mean component is negative 10 percent and Figure IIB shows that the volatility component is positive 12.5 percent. Both components are statistically different from zero. The average over performance of the market is 26.5 percent based on the wealth relative of the ratio of the market relative to the IPO stocks in Figures IC and ID . This over performance consists of a significant mean component of 12.5 percent and a significant volatility component over performance of 12.5 percent. Thus, to consider an average cross-sectional buy-and-hold return does not by itself make any sense, whether it is negative 10 percent or positive 26.5 percent. However, the decomposition does make sense because the size of the volatility component is the same whether one looks at the IPOs to market (S/M) ratio or the market to IPOs (M/S) ratio. It makes sense to filter out the volatility component because it is independent of the wealth ratio, and to look only at the mean 
is used and therefore it can be considered with both panel A and C. component before making any inference. Looking at the mean component we see that the IPO stocks under perform the market by 10 percent after 18 months. After 60 months the mean-component under performance of the IPO stocks is 43.7 percent, which is equivalent to a mean-component over performance of 77.5 percent. If the decomposition had not been made the cross-sectional expected buy-and-hold return would have been in the range between an underperformance of negative 22.9 percent and an over performance of 142.9 percent (see Table III ). These numbers are not easily compared. After five years the volatility component for either ratio is 36.9 percent. To calculate the average cross sectional buy-and-hold return, we must multiply the gross mean component and volatility component. 
Categorized into Hot Issue Period versus Cold Issue Period
We partitioned the IPOs and SEOs into a hot (cold) issue period, and we investigated the IPO stocks for the hot issue period [1983] [1984] [1985] [1986] . IPO stocks on the Copenhagen Stock Exchange show a strong relationship between high initial returns and long-run performance: high initial returns experience negative long-run returns after 5 years. The IPOs are partitioned into a hot issue group from 1983-1986 and a cold issue group from 1987-1993. The period 1983-1998 long run returns for all IPO's and SEO's are reported. Method 1 is a simple arithmetic average calculation after T years, which does not adjust for right skewness. Applied wealth relatives are market-to-equity offering (Wm,T /Wi,T ) and equity offering-to-market (Wi,T /Wm,T ), respectively. Method 2 describes the buy-and-hold returns with expected mean of e (α T +1/2σ 2 T )·T . The method includes the problem of testing the cross-sectional average buy-and-hold returns in levels. Method 3 transforms the wealth relatives to logarithms and tests the transformed mean component and the volatility component. The reported figure is e α T ·T − 1 while the volatility component, 1983-1986 1987-1993 1983-1998 1983-1998 Besides showing sub-sample periods, Table 3 also displays the different methods of calculating long-run returns. All three methods show that the market outperforms equity offerings after five years for the hot issue period. Method one, which does not adjust for right-skewness, shows that the market out performs IPO stocks by 172.9 percent, while the volatilityadjusted buy-and-hold return shows the IPOs over performing by 99.9 percent (method 3). For the cold issue period, using method one, the market out performs IPO stocks by 64.6 percent after five years while the volatility-adjusted out performance is 29.3 percent after five years. These reported out performance percentages are numbers that arise when the market is measured relative to the equity issue stocks. However, for the reverse wealth-relative measure (IPO-to-market) using method one the under performance in the hot issue period is only 36.4 percent after five years and for the cold issues period the under performance is only 9.0 percent. This may seem odd but it is caused by the fact that the volatility component is identical for the two wealth-relative measures (IPO-to-market and marketto-IPO). Adjusting for the volatility, i.e. using method three, we find that hot (cold) issues period under perform by 50.0 percent (22.0 percent). The measures of volatility-adjusted performance are compatible irrespective of whether we measure out performance.
We also investigated whether or not this inverse relationship exists between the one year return and the five-year returns. Our results show that the under performance after one year for hot (cold) issue periods is 4.1 percent (5.9 percent) while the under performance after five years for hot (cold) issue periods is 50.0 percent (22.6 percent) using method three. Thus, the results may indicate that investors who invest in initial public offerings in cold issue periods are better off in the long run than those who invest in initial public offerings during a hot period.
All three methods in Table 3 show that the 142 IPO stocks and 413 SEO stocks under performed for the entire sample period. The volatilityadjusted performance measure shows that the IPO stocks and the SEO stocks significantly under performed the market by 43.7 percent and 38.1 percent. The results confirm the similarities between the long-run performance of IPO stocks and SEO stocks and that, relative to the market the IPO stocks under perform more than SEO stocks.
CONCLUSION
We started with Ritter's puzzle to which we respond: why do long-run returns of equity offerings persistently underperform? We suggested that a key to the puzzle is to measure long-run returns using WRs. Decomposing the relatives gives us an answer: we still see underperformance but we can explain it better. We showed WR provides a better interpreta-tion of long-run returns than just considering a simple arithmetic average buy-and-hold return. First, we identified transformations of data that exhibit log-normally distributed cross-sectional buy-and-hold returns. Second, we decomposed the expected cross-sectional buy-and-hold returns into transformed mean components and volatility components. For the wealth relative measure, we showed that it is necessary to correct the expected cross-sectional buy-and-hold return for the volatility component. We reported that whether accumulated returns are calculated using the marketto-security or the security-to-market wealth relative, the volatility component introduces an identical upward bias. The expected buy-and-hold returns must be adjusted for this volatility component to show coherent security performance. We investigated the long-run security performance of 142 IPOs and 413 SEOs from Denmark during the period 1983-1998. The volatility-adjusted buy-and-hold returns show that IPOs and SEOs under performed over a five-year period by 43.7 percent and 38.1 percent, respectively. The under performance is more evident for equity offerings in a hot issue period compared to a cold issue period. where z T ∼ N (0, T ). A serious problem arises when applying (A.4) if the abnormal return ar t at any time is less than minus one because the loga-rithm in that case cannot be taken on (1+ar t ). An explicit structure of the geometric Brownian motion can be enforced on the BHAR. But, BHAR consists of a difference between two exponential expressions. Therefore , it does not assist in separating the mean component from the volatility component. Empirically, the various combinations T-BHAR i−m,T and T-BHAR m−i,T are equivalent to the wealth relatives with the only difference being the sizes of the numbers.
APPENDIX B Decomposing Expected Buy-and-Hold Returns
Define a wealth relative at time T by the variable W T . If the logarithm of the wealth relative at time T is normally distributed with transformed mean α T · T and variance σ 2 T · T :
then the wealth relative, W T , is log-normally distributed: W T = e log(W T ) . As W T is lognormally distributed the expected value of the wealth relative is given by:
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Appendix C Test Statistics for Normality
The test statistics that adjusts for sample size are based on Doornik & Hansen (1994) . Panel A and B summarize the probability level of normality and corresponding chi-squared statistics for wealth relatives in the spirit of Ritter (1991) and Loughran & Ritter (1995) . The horizontal line shows the 5 percent level of significance for being log-normally distributed. The test statistics that adjusts for sample size are based on Doornik & Hansen (1994) . Panel A and B summarize the probability level of normality and corresponding chi-squared statistics for wealth relatives in the spirit of Ritter (1991) and Loughran & Ritter (1995) . The horizontal line shows the 5 percent level of significance for being log-normally distributed. 
